Abstract. It is shown that most possibly truncated power series rings admit uncountably many filtered λ-ring structures. The question of how many of these filtered λ-ring structures are topologically realizable by the K-theory of torsionfree spaces is also considered for truncated polynomial rings.
Introduction
A λ-ring is, roughly speaking, a commutative ring R with unit together with operations λ i , i ≥ 0, on it that act like the exterior power operations. It is widely used in Algebraic Topology, Algebra, and Representation Theory. For example, the complex representation ring R(G) of a group G is a λ-ring, where λ i is induced by the map that sends a representation to its ith exterior power. Another example of a λ-ring is the complex K-theory of a topological space X. Here, λ i arises from the map that sends a complex vector bundle η over X to the ith exterior power of η. In the algebra side, the universal Witt ring W(R) of a commutative ring R is a λ-ring.
The purpose of this paper is to consider the following two inter-related questions:
• Classify the λ-ring structures over power series and truncated polynomial rings.
• Which ones and how many of these λ-rings are realizable as (i.e. isomorphic to) the K-theory of a topological space?
The first question is purely algebraic, with no topology involved. One can think of the second question as a K-theoretic analogue of the classical Steenrod question, which asks for a classification of polynomial rings (over the field of p elements and has an action by the mod p Steenrod algebra) that can be realized as the singular mod p cohomology of a topological space.
In addition to being a λ-ring, the K-theory of a space is filtered, making K(X) a filtered λ-ring. Precisely, by a filtered λ-ring we mean a filtered ring (R, {R = I 0 ⊃ I 1 ⊃ · · · }) in which R is a λ-ring and the filtration ideals I n are all closed under the λ-operations λ i (i > 0). It is, therefore, more natural for us to consider filtered λ-ring structures over filtered rings. Moreover, we will restrict to torsionfree spaces, i.e. spaces whose integral cohomology is Z-torsionfree. The reason for this is that one has more control over the K-theory of such spaces than non-torsionfree spaces.
A discussion of our main results follow. Proofs are mostly given in later sections. Our first result shows that there is a huge diversity of filtered λ-ring structures over most power series and truncated polynomial rings. Here x ∞ i is by definition equal to 0. In particular, this Theorem covers both finitely generated power series rings and truncated polynomial rings. The case r i = ∞ (1 ≤ i ≤ n) is proved in [12] . In this case, there are uncountably many isomorphism classes that are topologically realizable, namely, by the spaces in the localization genus of (BS 3 ) ×n . The remaining cases are proved by directly constructing uncountably many filtered λ-rings. In general, there is no complete classification of all of the isomorphism classes of filtered λ-ring structures. However, such a classification can be obtained for small truncated polynomial rings, in which case we can also give some answers to the second question above. This will be considered below after a brief discussion of Adams operations.
Adams operations.
The results below are all described in terms of Adams operations. We will use a result of Wilkerson [10] on recovering the λ-ring structure from the Adams operations. More precisely, Wilkerson's Theorem says that if R is a Z-torsionfree ring which comes equipped with ring endomorphisms ψ k (k ≥ 1) satisfying the conditions, (1) ψ 1 = Id and ψ k ψ l = ψ kl = ψ l ψ k and (2) ψ p (r) ≡ r p (mod pR) for each prime p and r ∈ R, then R admits a unique λ-ring structure with the ψ k as the Adams operations. The obvious filtered analogue of Wilkerson's Theorem is also true for the filtered rings considered in Theorem 1.1. Therefore, for these filtered rings, in order to describe a filtered λ-ring structure, it suffices to describe the Adams operations.
When there are more than one λ-rings in sight, we will sometimes write ψ n R to denote the Adams operation ψ n in R.
Truncated polynomial rings. Consider the filtered truncated polynomial 
as polynomials for all k, and this construction gives the desired bijection between Λ d and Λ d ′ . Therefore, using the above bijections, we will identify the sets Λ d for d = 1, 2, . . ., and write Λ(Z[x]/(x n )) for the identified set. Each isomorphism class of filtered λ-ring structures on Z[x]/(x n ) with |x| ∈ {1, 2, . . .} is considered an element in Λ(Z[x]/(x n )).
When there is no danger of confusion, we will sometimes not distinguish between a filtered λ-ring structure and its isomorphism class.
We start with the simplest case n = 2, i.e. the dual number ring Z[x]/(x 2 ). 
Moreover, such a filtered λ-ring is isomorphic to the K-theory of a torsionfree space if and only if there exists an integer
Therefore, in this case, exactly countably infinitely many (among the uncountably many) isomorphism classes are topologically realizable by torsionfree spaces. Indeed, the K-theory of the even-dimensional sphere S 2k realizes the filtered λ-ring with b p = p k for all p. On the other hand, if X is a torsionfree space with
In what follows we will use the notation θ p (n) to denote the largest integer for which p θp(n) divides n, where p is any prime. By convention we set θ p (0) = −∞.
To study the case n = 3, we need to consider the following conditions for a sequence (b p ) of integers indexed by the primes:
) for all odd primes p. (B): Let (b p ) be as in (A). Consider a prime p > 2 (if any) for which
We will call them conditions (A) and (B), respectively. Notice that in (B),
. Moreover, there are at most finitely many such primes, since each such p divides b 2 (b 2 − 1), which is non-zero.
The following result gives a complete classification for Λ(Z[x]/(x 3 )), the set of isomorphism classes of filtered λ-ring structures over the filtered truncated polynomial ring Z[x]/(x 3 ). As before we will describe a λ-ring in terms of its Adams operations. Theorem 1.3. Let R be a filtered λ-ring structure on Z[x]/(x 3 ). Then R is isomorphic to one of the following filtered λ-rings: 
Notice that in this Theorem, there are uncountably many isomorphism classes in each of cases (1) and (2) . Also note that if there is no prime p satisfying condition (B), then p 1 · · · p n is the empty product (i.e. 1), and k ≡ 0 (mod p 1 · · · p n ) is an empty condition.
In case (2) , if (b p ) satisfies condition (A), then it follows that there are exactly
isomorphism classes of filtered λ-ring structures over Z[x]/(x 3 ) with the property that ψ p (x) ≡ b p x (mod x 2 ) for all primes p. Here ⌈s⌉ denotes the smallest integer that is greater than or equal to s. Applying formula (1.3.1) to the cases (b p ) = (p r ), where r ∈ {1, 2, 4}, we see that there are a total of 64 elements in Λ(Z[x]/(x 3 )) satisfying ψ p (x) = p r x (mod x 2 ) for all primes p. In fact, there is a unique such element when r = 1 (k = 1), three such elements when r = 2 (k ∈ {1, 3, 5}), and sixty such elements when r = 4 (k ∈ {1, 3, . . . , 119} Indeed, if X is a torsionfree space whose K-theory filtered ring is Z[x]/(x 3 ), then by Adams's result on Hopf invariant 1 [1] , the generator x must have filtration exactly 2, 4, or 8. When the filtration of x is equal to 2r, one has ψ p (x) ≡ p r x (mod x 2 ) for all primes p. Therefore, by Theorem 1.3 K(X) must be isomorphic to S((p r ), k) for some r ∈ {1, 2, 4} and some k. The discussion preceding this Corollary then implies that there are exactly 64 such isomorphism classes of filtered λ-rings.
It should be remarked that at least 3 of these 64 isomorphism classes are actually realized by spaces, namely, the projective 2-spaces F P 2 , where P denotes the complex numbers, the quaternions, or the Cayley octonions. These spaces correspond to r = 1, 2, and 4, respectively. Further work remains to be done to determine whether any of the other 61 filtered λ-rings in Corollary 1.4 are topologically realizable.
Before moving on to the case n = 4, we would like to present another topological application of Theorem 1.3, which involves the notion of Mislin genus. Let X be a nilpotent space of finite type (i.e. its homotopy groups are all finitely generated and π n (X) is a nilpotent π 1 (X)-module for each n ≥ 2). The Mislin genus of X, denoted Genus(X), is the set of homotopy types of nilpotent finite type spaces Y such that the p-localizations of X and Y are homotopy equivalent for all primes p. Let H denote the quaternions. It is known that Genus(HP ∞ ) is an uncountable set [9] . Moreover, these uncountably many homotopically distinct spaces have isomorphic K-theory filtered rings [12] but pairwise non-isomorphic K-theory filtered λ-rings [8] . In other words, K-theory filtered λ-ring classifies the Mislin genus of HP ∞ . It is also known that Genus(HP 2 ) has exactly 4 elements [7] . We will now show that the genus of HP 2 behaves very differently from that of HP ∞ as far as K-theory filtered λ-rings are concerned. Indeed, an argument similar to the one in [12] shows that the 4 homotopically distinct spaces in the Mislin genus of HP 2 all have Z[x]/(x 3 ) as their K-theory filtered ring, with x in filtration exactly 4. Therefore, in each one of these λ-rings, we have ψ p (x) ≡ p 2 x (mod x 2 ) for all primes p. The Corollary now follows, since by Theorem 1.3, there are only 3 isomorphism classes of filtered λ-ring structures on Z[x]/(x 3 ) of the form S((p 2 ), k) because k must be 1, 3, or 5. It is still an open question as to whether K-theory filtered λ-ring classifies the genus of HP n for 2 < n < ∞.
We now move on to the case n = 4, i.e. the filtered truncated polynomial ring Z[x]/(x 4 ). A complete classification theorem along the lines of Theorem 1.2 and Theorem 1. 3 has not yet been achieved for n ≥ 4. However, some sort of classification is possible if one imposes certain conditions on the linear coefficients of the Adams operations that usually appear in the K-theory of spaces.
where k ∈ {1, 5}, d 2 ∈ {0, 2, 4, . . . , 58}, and
The first two statements of this Theorem immediately leads to the following upper bound for the number of isomorphism classes of filtered λ-ring structures on Z[x]/(x 4 ) that can be topologically realized by torsionfree spaces. Corollary 1.7. Let X be a torsionfree space whose K-theory filtered ring is Z[x]/(x 4 ). Then, as a filtered λ-ring, K(X) is isomorphic to one of the filtered λ-rings described in parts (1) and (2) Indeed, if X is such a space, then the filtration of x must be exactly 2 or 4 [5, Corollary 4L.10], and therefore the linear coefficient of ψ p (x) for any prime p must be p (if the filtration of x is 2) or p 2 (if the filtration of x is 4). So the result follows immediately from Theorem 1.6.
It should be noted that at least 2 of the 61 isomorphism classes in the first two statements of Theorem 1.6 are topologically realizable, namely, by the projective 3-spaces F P 3 , where F is either the complex numbers or the quaternions. The K-theory of the former space is case (1) in Theorem 1.6, while the latter space has S(1, 0) as its K-theory. It is still an open question as to whether any of the other 59 isomorphism classes are topologically realizable.
What happens when n > 4, as far as the two questions stated in the beginning of this Introduction are concerned, are only partially understood. We will discuss several conjectures and some partial results in this general setting.
Concerning the problem of topological realizations, we believe that the finiteness phenomenon in Corollary 1.4 and Corollary 1.7 should not be isolated examples.
Conjecture A. Let n be any integer ≥ 3. Then, among the uncountably many isomorphism classes of filtered λ-ring structures over the filtered truncated polynomial ring Z[x]/(x n ), only finitely many of them can be realized as the K-theory of torsionfree spaces.
As mentioned above, the cases n = 3 and 4 are known to be true. Just like the way Corollary 1.4 and Corollary 1.7 are proved, one way to approach this Conjecture is to consider λ-rings with given linear coefficients in its Adams operations. More precisely, we offer the following conjecture.
Conjecture B. Let n be any integer ≥ 3 and let {b p ∈ pZ : p prime} be non-zero integers. Then there exist only finitely many isomorphism classes of filtered λ-ring structures on Z[x]/(x n ) with the property that ψ p (x) ≡ b p x (mod x 2 ) for all primes p.
In fact, Conjecture A for n ≥ 4 would follow from the cases, (b p = p) and (b p = p 2 ), of Conjecture B. The n = 3 case of Conjecture B is contained in Theorem 1.3. Moreover, (1.3.1) gives the exact number of isomorphism classes in terms of the b p . One plausible way to prove this Conjecture is to consider extensions of λ-ring structures one degree at a time.
Conjecture C. Let n be any integer ≥ 3 and let R and S be isomorphic filtered λ-ring structures on Z[x]/(x n ). Then there exists an isomorphism σ : R ∼ = − → S with the following property: IfR is a filtered λ-ring structure on
is also a filtered λ-ring structure on Z[x]/(x n+1 ).
Here σ(x) is considered a polynomial in both Z 
for all primes p, is at most min |a
Notice that if Conjecture C is true for n ≤ N for some N , then, using Theorem 1.8, one infers that Conjecture B is true for n ≤ N + 1, which in turn implies Conjecture A for n ≤ N + 1. We summarize this in the following diagram.
In view of these implications, even partial results about Conjecture C would be of interest.
It was mentioned above that in order to prove Conjecture C, one only needs to prove the congruence identity, ψ p S (x) ≡ x p (mod p), for all primes p. In fact, this only needs to be proved for p < n, since the following result takes care of the rest. 
This Corollary will be proved by directly verifying the congruence identity about ψ p S (x) for p < n. The arguments for the three cases are essentially the same, and it does not seem to go through for n = 6 (see the discussion after the proof of this Corollary). A more sophisticated argument seems to be needed to prove Conjecture C in its full generality.
Organization. The rest of this paper is organized as follows. The following section gives a brief account of the basics of λ-rings and Adams operations, ending with the proof of Theorem 1.1. Proofs of Theorems 1.3 and 1.6 are in the two sections after the following section. The results concerning the three Conjectures, namely, Theorems 1.8 and 1.9 and Corollary 1.10, are proved in the final section.
Basics of λ-rings
The reader may refer to the references [3, 6] for more in-depth discussion of basic properties of λ-rings. We should point out that what we call a λ-ring here is referred to as a "special" λ-ring in [3] . All rings considered in this paper are assumed to be commutative, associative, and have a multiplicative unit.
2.1. λ-rings. By a λ-ring, we mean a commutative ring R that is equipped with functions
called λ-operations. These operations are required to satisfy the following conditions. For any integers i, j ≥ 0 and elements r and s in R, one has:
• λ 0 (r) = 1.
• λ 1 (r) = r.
• λ i (1) = 0 for i > 1.
•
• λ i (rs) = P i (λ 1 (r), . . . , λ i (r); λ 1 (s), . . . , λ i (s)).
• λ i (λ j (r)) = P i,j (λ 1 (r), . . . , λ ij (r)).
The P i and P i,j are certain universal polynomials with integer coefficients, and they are defined using the elementary symmetric polynomials as follows. Given the variables ξ 1 , . . . , ξ i and η 1 , . . . , η i , let s 1 , . . . , s i and σ 1 , . . . , σ i , respectively, be the elementary symmetric functions of the ξ's and the η's. Then the polynomial P i is defined by requiring that the expression P i (s 1 , . . . , s i ; σ 1 , . . . , σ i ) be the coefficient of t i in the finite product (1 + ξ m η n t).
The polynomial P i,j is defined by requiring that the expression P i,j (s 1 , . . . , s ij ) be the coefficient of t i in the finite product
A λ-ring map is a ring map which commutes with all the λ-operations.
By a filtered ring, we mean a commutative ring R together with a decreasing sequence of ideals
A filtered ring map f : R → S is a ring map that preserves the filtrations, i.e. f (I n R ) ⊆ I n S for all n. A filtered λ-ring is a λ-ring R which is also a filtered ring in which each ideal I n is closed under λ i for i ≥ 1. Suppose that R and S are two filtered λ-rings. Then a filtered λ-ring map f : R → S is a λ-ring map that also preserves the filtration ideals.
Adams operations.
There are some very useful operations inside a λ-ring R, the so-called Adams operations
They are defined by the Newton formula:
Alternatively, one can also define them using the closed formula
Here Q k is the integral polynomial with the property that (1) All the ψ n are λ-ring maps on R, and they preserve the filtration ideals if R is a filtered λ-ring. (2) ψ 1 = Id and ψ m ψ n = ψ mn = ψ n ψ m . (3) ψ p (r) ≡ r p (mod pR) for each prime p and element r in R.
A λ-ring map f is compatible with the Adams operations, in the sense that f ψ n = ψ n f for all n.
The following simple observation will be used many times later in this paper. Suppose that R and S are λ-rings with S Z-torsionfree and that f : R → S is a ring map satisfying f ψ p = ψ p f for all primes p. Then f is a λ-ring map. Indeed, it is clear that f is compatible with all ψ n by (2) above. The Newton formula and the Z-torsionfreeness of S then imply that f is compatible with the λ n as well.
As discussed in the Introduction, Wilkerson's Theorem [10] says that if R is a Z-torsionfree ring equipped with ring endomorphisms ψ n (n ≥ 1) satisfying conditions (2) and (3) above, then there exists a unique λ-ring structure on R whose Adams operations are exactly the given ψ n . In particular, over the possibly truncated power series filtered ring Z[[x 1 , . . . , x n ]]/(x r 1 1 , . . . , x rn n ) as in Theorem 1.1, a filtered λ-ring structure is specified by power series ψ p (x i ) without constant terms, p primes and 1 ≤ i ≤ n, such that
for all such p and i. As was mentioned in the Introduction, the case r i = ∞ for all i is proved in [12] . It remains to consider the cases when at least one r i is finite.
Assume that at least one r i is finite. Let N be the maximum of those r j that are finite. For each prime p ≥ N and each index j for which r j < ∞, choose an arbitrary positive integer b p,j ∈ pZ such that b p,j ≥ r j and b p,j = p. There are uncountably many such choices, since N < ∞ and there are countably infinitely many choices for b p,j for each p ≥ N . Consider the following power series in R:
Here p runs through the primes and i = 1, 2, . . . , n. The collection of power series {ψ p (x i ) : 1 ≤ i ≤ n} extends uniquely to a filtered ring endomorphism ψ p of R.
We first claim that these endomorphisms ψ p , p primes, are the Adams operations of a filtered λ-ring structure S on R. Since R is Z-torsionfree, by Wilkerson's Theorem [10] , it suffices to show that
and that
for all primes p and q and elements r ∈ R. Both of these conditions are verified easily using (2.3.1). Equation (2.3.2) is true because it is true when applied to each x i and that the x i are algebra generators of R. Equation (2.3.3) is true, since it is true for each r = x i . Now suppose thatS is another filtered λ-ring structure on R constructed in the same way with the integers {b p,j }. (Here again p runs through the primes ≥ N and j runs through the indices for which r j < ∞.) So inS, ψ p (x i ) looks just like it is in (2.3.1), except that b p,i is replaced byb p,i . Suppose, in addition, that there is a prime q ≥ N such that {b q,j } = {b q,j } as sets. We claim that S andS are not isomorphic as filtered λ-rings.
To see this, suppose to the contrary that there exists a filtered λ-ring isomorphism σ : S →S.
Let j be one of those indices for which r j is finite. Then, modulo filtration 2d, one has σ(x j ) ≡ a 1 x 1 + · · · + a n x n for some a 1 , . . . , a n ∈ Z, not all of which are equal to 0. If r i = ∞, we set b q,i = q. Equating the linear coefficients on both sides of the equation
If a i = 0 (and such an a i must exist), then
for some i. In particular, it follows that {b q,j } is contained in {b q,j }. Therefore the two sets are equal by symmetry. This is a contradiction.
This finishes the proof of Theorem 1.1.
Proof of Theorem 1.3
First we need to consider when a collection of polynomials can be the Adams operations of a filtered λ-ring structure on Z[x]/(x 3 ). We will continue to describe λ-rings in terms of their Adams operations. (
Now suppose that these conditions are satisfied. If
Proof. The polynomials ψ p (x) in the statement above extend to a filtered λ-ring structure on Z[x]/(x 3 ) if and only if (2.2.1) and (2.2.2) are satisfied. Expanding ψ p (ψ q (x)) one obtains
Using symmetry and equating the coefficients of x 2 , it follows that (2.2.1) in this case is equivalent to
It is clear that (2.2.2) is equivalent to conditions (2) and (3) together, since
Now assume that statements (1), (2), and (3) are satisfied. If b 2 = 0, then the right-hand side of (3.1.1) when p = 2 is congruent to 0 modulo 2 θ 2 (b 2 ) , and therefore so is the left-hand side. The assertion now follows, since c 2 is odd. If b 2 = 0, then the right-hand side of (3.1.1) when p = 2 is equal to 0, and so b 2 q = b q for all odd primes q, since c 2 = 0. But b q = 1, so b q = 0.
Next we need to know when two filtered λ-ring structures over Z[x]/(x 3 ) are isomorphic. Proof. Suppose that S andS are isomorphic, and let σ : S →S be a filtered λ-ring isomorphism. Then
for some u ∈ {±1} and integer a. Applying the map σψ p , p any prime, to the generator x, one obtains
Similarly, one has
Recall from the previous Lemma that b 2 = 0 implies b p = 0 for all odd primes p. Therefore, the "only if" part now follows by equating the coefficients in the equation
Conversely, suppose that conditions (1) and (2)(a) in the statement of the Lemma hold. Then clearly the map σ : S →S given on the generator by σ(x) = ux is the desired isomorphism. Now suppose that conditions (1) and (2)(b) hold. The polynomial σ(x) = ux + ax 2 extends uniquely to a filtered ring automorphism on Z[x]/x 3 . The calculation in the first paragraph of this proof shows that, if b p = 0 for a certain prime p, then σψ p (x) = ψ p σ(x). If b p = 0, then (3.1.1) in the proof of Lemma 3.1 implies that
Therefore, the argument in the first paragraph once again shows that σψ p (x) = ψ p σ(x), and σ : S →S is the desired isomorphism. for some integers q and r with 0 ≤ r < b 2 (b 2 − 1), then r must be an odd integer, since b 2 is even and c 2 is odd. Definē
The three conditions (1) - (3) in Lemma 3.1 are all easily verified for the polynomials S = {ψ p (x) = b p x +c p x 2 }, and so S is a filtered λ-ring structure on Z[x]/(x 3 ). Observe that 1 ≤c 2 ≤ b 2 (b 2 − 1)/2. Moreover, by Lemma 3.2, S is isomorphic to R. Equation (3.1.1) implies that, if p is a prime for which b p = 0, then
Therefore, we havē
: all primes p .
where
From the last assertion of Lemma 3.1, we see that 2 θ 2 (b 2 ) is a factor of G, and so b 2 (b 2 − 1)/G is odd. If
then it follows that l must be odd with 1 ≤ l ≤ G/2 and that
for all primes p. Let p 1 , . . . , p n be the list of all (if any) odd primes for which condition (B) holds for the sequence (b p ). For each p = p i , 1 ≤ i ≤ n, we have
and so l ≡ 0 (mod p).
It follows that
We have shown that R is isomorphic to S = S((b p ), l), as desired. Proof. First we make the following observation. Consider a collection of polynomials 
Extend σ(x) to a filtered ring automorphism on Z[x]/(x 4 ). Using (4.1.3) and (4.1.4), it is now straightforward to check that σ is compatible with the Adams operations ψ p in R and S (i.e. σψ p R (x) = ψ p S σ(x)), and so it gives an isomorphism R ∼ = S.
Proof of Theorem 1.6 (2).
Proof. Using the case n = 3 of Corollary 1.10 (i.e. Conjecture C for n = 3), which will be proved below, one infers that R is isomorphic to some filtered λ-ring structure T on Z[x]/(x 4 ) with the following property: There exists an integer k ∈ {1, 3, 5} such that
for all primes p, where S = S((p 2 ), k) is as in Theorem 1.3 (2) . In other words, R must be isomorphic to a "λ-ring extension" to Z[x]/(x 4 ) of one of the three S((p 2 ), k). Therefore, to prove Theorem 1.6 (2), it suffices to prove the following three statements. Each one of these three statements is dealt with in a Lemma below. 
Thus, this S looks just like one of those S(k, d 2 ), except that in S we only require d 2 to be even. In particular, this Lemma implies that each S(k, d 2 ) is indeed a filtered λ-ring structure on Z[x]/(x 4 ).
Proof. We only need to check (4.1.1) and (4.1.2) in S, since it is clear that conditions (1) - (3) 
In particular, it follows from this Lemma that the sixty S(k, d 2 ) are mutually non-isomorphic and that any S as in Lemma 4.3 is isomorphic to one of the S(k, d 2 ).
Proof. Suppose that S and S ′ are isomorphic. Since their reductions modulo x 3 are also isomorphic filtered λ-rings and since k, k ′ ∈ {1, 5}, it follows from Theorem 1.3 that k = k ′ . Let σ : S → S ′ be an isomorphism, and write
so that u ∈ {±1}. Consider the equality Now let S = S((c p ), (d p )) = {ψ p (x) = c p x 2 + d p x 3 } be a collection of polynomials satisfying ψ p (x) ≡ x p (mod p). In order to show that S is a filtered λ-ring structure on Z[x]/(x 4 ), we only need to show that (ψ p • ψ q )(x) = (ψ q • ψ p )(x) for all primes p and q. This is true, since both sides are equal to 0 modulo x 4 .
To prove the last assertion, let S = S((c p ), (d p )) = {ψ p (x) =c p x 2 +d p x 3 } be another filtered λ-ring structure on Z[x]/(x 4 ). Suppose first that S and S are isomorphic, and let σ : S →S be an isomorphism. Write σ(x) = ux + αx 2 + βx 3 with u ∈ {±1}. Then we have )(x) = uc p x 2 + ud p x 3 .
Conditions (i) and (ii) in the statement of Theorem 1.6 (4) now follow by comparing the coefficients.
The converse is similar. Indeed, if (c p ) = u(c p ) for some u ∈ {±1} and d p = d p + 2c p α for some integer α, then the calculation above shows that an isomorphism σ : S →S is given by σ(x) = ux + αx 2 , as desired. This proves Theorem 1.6 (4).
The proof of Theorem 1.6 is complete. for some integer c. Consider the filtered ring automorphism σ on Z[x]/(x n ) given by σ(x) = x + cx n−1 . Theorem 1.9. Observe that the congruence identity, ψ 2 R (x) ≡ x 2 (mod 2), means that a 1 and a 3 are even and that a 2 is odd. Computing modulo 2 and x 4 , we have
It follows that the coefficient of x 3 in ψ 2 S (x) is congruent (mod 2) to c 1 a 2 (2b 1 b 2 ) ≡ 0. This proves the case n = 3 of Conjecture C.
The proofs for the cases n = 4 and 5 of Conjecture C are essentially identical to the previous paragraph. The only slight deviation is that, when n = 4, to check that the coefficient of x 4 in ψ 2 S (x) is even, one needs to use the fact that c 2 = −b 1 b 2 .
As discussed in the Introduction, Conjectures A and B for n ≤ 6 follow from Conjecture C for n ≤ 5 and Theorem 1.8.
It should be pointed out that the argument above for the first three cases of Conjecture C does not seem to go through for n = 6. In fact, to use the same argument, one would have to check, among other things, that the coefficient of x 6 in ψ 2 S (x) is even. But this coefficient turns out to be congruent (mod 2) to b 3 . It may be true that one can always arrange to have an isomorphism σ in which b 3 is even, but this is only a speculation. Further works remain to be done to settle the three Conjectures for higher values of n.
